The paper aims at presenting a didactic and self-contained overview of Gauss-Hermite and 
Introduction
The description of the spatial structure of the different beam modes has been object of theoretical and experimental analysis since the invention of the laser, and now is a standard textbook topic in modern optics and laser physics courses. The usual starting point for the derivation of laser beam propagation modes is solving the scalar Helmholtz equation within the paraxial approximation [1] [2] [3] . In this paper we present a didactic and self-contained overview of the different laser beam modes by introducing a unified theoretical treatment based on a plane wave representations of the electromagnetic field. This approach can be easily generalized to nonparaxial situations and to include vector effects of the electromagnetic field. All higher-order beams, like for instance Hermite-Gaussian, Laguerre-Gaussian, and Bessel beams can elegantly be derived by acting with differential operators on the plane wave representation of the fundamental Gaussian mode used as a seed function [4] [5] [6] [7] [8] [9] . Still recently, higher-order laser beams were the object of study of a restricted group of specialists. Thank to several new applications especially in the field of optical trapping, the interest concerning these beams is now rising rapidly. Optical tweezers with more sophisticated features can be realized with higher-order beams. Laguerre-Gaussian beam can transfer orbital momentum to a trapped particle, inducing it to rotate around the optical axis. For this reason, Laguerre-Gaussian optical tweezers are also known as "optical vortices" [10] [11] [12] [13] . Laguerre-Gaussian tweezers can also trap metallic particles or particles with a refractive index higher than that of the surrounding medium [14, 15] .
So-called Bessel beams [16, 17] are a further interesting example of higher-order beams which can be conveniently described by the plane wave representation. Bessel beams are also known as "non-diffracting" modes, because they have the property of self-reconstructing after encountering an obstacle [18] . Several new promising applications of Bessel beams are emerging. For example, simultaneous trapping of several particles over large axial distances (in the range of millimeters) is possible by using just one single Bessel beam [19] . This paper is organized as follows. First, the Gaussian fundamental mode is introduced as the beam solution jointly minimizing both beam divergence and beam diameter. Basic concepts such as Rayleigh length, beam waist, wave front curvature, and Gouy's phase are introduced.
Following, Hermite-Gauss beams with complex arguments in the Hermite functions (also called "elegant" Hermite-Gaussian modes in the literature [1, 5, 6] ) are derived by differentiating the fundamental Gauss mode with respect to the transverse coordinates. Next, it is shown how this derivation can be generalized to obtain a whole family of Hermite-Gauss modes, including also those with real arguments in the Hermite functions (termed also "standard" Hermite-Gaussian modes). The same approach is subsequently extended to derive Laguerre-Gaussian modes. Finally, Bessel beams are presented as special cases of plane wave representations, and the concepts of non-diffractivity and self-reconstruction are briefly discussed.
The fundamental Gaussian mode
In the scalar field approximation (e.g. neglecting the vector character of the electromagnetic field), any electric field amplitude distribution can be represented as a superposition of plane
This representation is also called angular spectrum of plane waves or plane-wave expansion of the electromagnetic field [7] [8] [9] . In (1), ( )
is the amplitude of the plane wave contribution with wave vector ( ) 
for an arbitrary choice of the amplitude function ( )
, which can be directly demonstrated by substituting Eq.(1) into Eq.(2). Representation (1) is chosen in such a way that the net energy flux connected with the electromagnetic field is towards the propagation axis z. Every plane wave is connected with an energy flow that has direction k and value
being the refractive index of the medium, and c denoting the speed of light in vacuum.
Actual lasers generate a spatially coherent electromagnetic field which has a finite transversal extension and propagates with moderate spreading. That means that the wave amplitude changes only slowly along the propagation axis (z-axis) compared to the wavelength and finite width of the beam. Thus, the paraxial approximation can be applied to Eq. (1) Let us seek the fundamental mode of a laser beam as the electromagnetic field having simultaneously minimal divergence and minimal transversal extension, i.e. as the field that minimizes the product of divergence and extension.
By symmetry reasons, this leads to looking for an amplitude function minimizing the product
where a partial integration was used in the transition from the middle to the last line, assuming that the amplitude A vanishes for ±∞ → 
The integration in Eq. (7) can be carried out by employing the general relation
leading to
where a constant factor π was omitted. Introducing the Rayleigh length R z , (which is the distance from the beam focus at which the beam area doubles)
(λ being the vacuum wavelength) and the reduced coordinate ζ
and employing the fact that ( )
the final result for the electric field amplitude is found as
where another constant 0 w was omitted and the abbreviation 2 2 2 y x + = ρ was used.
The field mode as given by Eq. (13) 
shows a Gaussian profile perpendicularly to the propagation axis z.
Thus, seeking the field with minimal divergence and minimal transversal extension has led directly to the fundamental Gaussian beam. This means that the Gaussian beam is the mode with minimum uncertainty, i.e. the product of its sizes in real space and wave-vector space is the theoretical minimum as given by the Heisenberg's uncertainty principle of Quantum Mechanics. Consequently, the Gaussian mode has less dispersion than any other optical field of the same size, and its diffraction sets a lower threshold for the diffraction of real optical beams.
The diameter of the Gaussian beam is defined by
defining the radius where the electric field intensity 2 0 E has fallen off to 2 1 2e of its maxi- 
If the beam is not strongly focused, neglecting Gouy's phase in this derivation is a valid approximation, because ζ has large values and arctan(ζ) changes only slowly with changing ζ.
Thus, the electric field amplitude acquires the compact form
The intensity distribution E has fallen off to 5 1 e of its maximum value at ρ = 0. The increasing diameter of the drawn sections is thus a measure of the beam divergence. Fig.1 shows also the phase of the electric field. The occurrence of rings (phase changes) within the planar cross-sections reflects the curvature of the wavefronts, causing the phase to change increasingly faster with increasing z when moving away from the axis 0 = ρ . The change of the phase along the optical axis from its value 0 to 2π reflects the "phase jump" of the electric field when propagating through the point of minimum extension (beam waist) as described by Gouy's phase.
Before moving on to the derivation of higher-order Gaussian beams in the next sections, we will shortly stop here for looking at the interaction of a Gaussian beam with an ideal, infinitely thin lens. The result which will be derived here can be easily generalized for the whole family of Gaussian beams the we will consider below. For considering the action of a lens onto a Gaussian beam, it is convenient to introduce the complex curvature q defined by
i.e.
so that the electric field amplitude takes the form
Upon interaction with an ideal lens with focal length f , a phase shift f ikr 2 2 − is added to the phase of the electric field. Remarkably, the thus changed electric field resembles again that of a Gaussian beam, but with transformed complex curvature q′ defined by
Of course, the "new" Gaussian beam has to be calculated with respect to a new z-axis z′ shifted with respect to z so that the new focus position is at
, are the lens positions in the old and new coordinate system, respectively, one then finds
so that the new Rayleigh length R z′ and lens position L z′ in the new coordinate system are given by the imaginary and real part of the last expression, i.e. by
and 
Hermite-Gaussian modes
Hermite-Gaussian beams are a family of structurally stable laser modes which have rectangular symmetry along the propagation axis. In order to derive such modes, the simplest approach is to include an additional modulation of the form 
where the abbreviation 
the field amplitude then adopts the form ( ) 
with the modified Gouy phase Next, the important operator identity 40) where, on the r.h.s., the explicit form of f as given by Eq.(37) was used. Obviously, this expression becomes real if the first summand is complex conjugated to the second one, i.e. if 
which is exactly what we wanted to achieve: the exponential function on which the differential operators are acting are real valued functions, so that the differentiations lead to real valued preexponential functions. Indeed, using the last two equations, the electric field amplitude is proportional to = .
Laguerre-Gauss modes
Differently from Hermite-Gaussian beams, Laguerre-Gaussian modes have rotational symmetry along their propagation axis and carry an intrinsic rotational orbital angular momentum of h i per photon [10, 11 and references therein] . This means that a refractive object placed along the propagation axis will experience a torque. This property of Laguerre-Gaussian beams is of considerable practical interest, particularly in the field of optical trapping and for driving micromachined elements with light. It is important to point out that this intrinsic rotational momentum has to be distinguished from the angular momentum due to the polarization of light.
Laguerre-Gaussian modes can be derived by modulating the amplitude function ( ) 
Using the same ideas as in the previous section, this leads to
or, by using the substitutions iy
, and
When taking into account that ω ω = + = ρ 
the differentiation of the fundamental mode leads to ( ) 
with the new phase
As in the previous section, this mode displays complex valued arguments in both the exponential and pre-exponential functions. To rectify this situation, one can again apply the same idea as in the previous section and modify the amplitude modulation to
with the same value of u as before, After omitting all constant factors, the standard definition of a Laguerre-Gauss mode is obtained: 
Bessel beams
Any light beam whose energy is confined to a finite region around its axis of propagation is subject to diffractive spreading as it propagates in free space. The Rayleigh length is the characteristic distance beyond which diffraction becomes increasingly noticeable. This is the case for all beams that we have analyzed so far: Gaussian, Hermite-Gaussian or Laguerre-Gaussian beams with beam waist w 0 diverging with a divergence angle 
is highly divergent. Thus, an ideal Bessel beams cannot be realized in practice, since producing a beam whose transversal profile is invariant with longitudinal distance would require an infinite aperture and infinite energy. However, approximations of Bessel beams can be created experimentally, for example by using an axicon (a conical prism) [20, 21] , an annular aperture, or diffractive optical elements [23] . An important application of approximate Bessel beams has emerged in special setups for optical trapping. Since the diffraction-limited region of an approximate Bessel beam extends over large propagation distances, multiple trapping of particles with a single beam becomes possible [19] . A further important characteristic of non-diffracting beams is their ability to self-reconstruction after interaction with an obstacle [18] : Even if the central intensity maximum of a Bessel beam is completely blocked by an object, the beam reforms its original field distribution after some propagation distance. Several practical applications [20, 23] of this property have been suggested.
Conclusion
The plane wave representation of Eq. (1) 
